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Abstract. We construct and study various dual pairs between finite dimen- 
sional classical Lie groups and infinite dimensional Lie algebras in some Fock 
representations. The infinite dimensional Lie algebras here can be either a 
completed infinite rank affine Lie algebra, the Wi+oo algebra or its certain Lie 
subalgebras. We give a formulation in the framework of vertex algebras. We 
also formulate several conjectures and open problems. 



Introduction 



The theory of dual pairs of R. Howe [HI, H2] has many important applications 



to representation theory of reductive groups and p-adic groups etc. A dual pair is, 
roughly speaking, a pair of "maximally" commuting (reductive) Lie groups/ algebras 
acting on a certain minimal module. The theory of dual pairs also offers new insights 
to various subjects such as invariant theory, spherical harmonics, tensor product 
problems and so on. 

The aim of this paper is to give a somewhat informal discussion of some of 



our recent results [W] [KWY] (also see [FKRW|) generalizing dual pairs to an 
infinite dimensional setting and to formulate some conjectures and open problems. 
The paper is mostly expository except the last section which contains some new 
points. 

A dual pair in our infinite dimensional setting consists of a finite dimensional 
classical reductive Lie group and an infinite dimensional Lie algebra acting on some 



Fock representations of free fermions or bosons. In [W], we constructed various 
dual pairs involving Lie groups O n , Sp2n, Spin n and Lie supergroup Ospi^n on 
one hand, and Lie subalgebras of a completed infinite rank affine algebra gl^ of 
B,C,D types on the other hand. We obtained isotypic decompositions with respect 
to dual pair actions and found explicit formulas for highest weight vectors in all 
cases. In the hindsight, a duality of this sort between a finite dimensional general 



linear group and gl x was first given in [F2|, although heavy machinery rather than 



the principles of dual pairs was used there. 

It turns out that dual pairs in our infinite dimensional setting exhibit a new 
phenomenon which is not seen in the finite dimensional cases |FKRW (KWY 



a natural Lie algebra may replace another natural one acting on a same minimal 
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module with its dual pair partner fixed. Let us denote by 23 the universal central 
extension of the Lie algebra of differential operators on the circle. In the literature 
23 is often denoted by Wi+oo as well thanks to its connections to W-algebras [BS, 
There is an intimate relation between modules of gl 
from 23 to gl 



FeF 



homomorphism 



and of 23 [KR| via a 
It is realized [ FKRW that GL[ and 23 form a 
dual pair acting on the Fock space of I pairs of free fcrmions by replacing gl^ by 23. 
While gl^ is easier to understand because of its similarity with finite dimensional 
general linear Lie algebras, I? is a more natural object of study from the viewpoint 
of vertex algebras ||, [FLM| , g). 

from 23 to gl^, it is natural to study Lie 
to Lie subalgebras of gl^ of B, C, D types. 
We found [KWY| there are two (families of) Lie subalgebras, denoted by V^, of 
23 fixed by two (families of) anti-involutions of 23 which do the job. In this way 
we obtain various dual pairs between classical Lie groups and T> ± by substituting 
the Lie subalgebras of gl^ of B,C, D types appearing in the dual pairs obtained 
in | W ] with appropriate 23+ or 23~ . The duality results formulated in terms of 23 
and 23+ admit a natural reformulation in the framework of vertex algebras. 



In view of the homomorphism 
subalgebras of 23 corresponding via 



The length and complication of [W] and |KWY| are to a large extent caused 
by the fact that we had to deal with a dozen of different dual pairs. In order to 
simplify matters and to focus on the main ideas, we restrict ourselves in this paper 
to the consideration of dual pairs of (A, A) and (D, D) types in detail and comment 
on how other dual pairs can be constructed while omitting almost all proofs. In 
the last section we work out some low rank cases explicitly and show how these 
recapture and shed new light on some known results |KRa| [DG] |DN |. We discuss 
several open problems and conjectures in the end. 

This paper is an extended version of my talk in the conference "Representations 
of affine and quantum affine algebras and their applications" held in NCSU at 
Raleigh in May 1998. A similar talk was also presented in the Oberwolfach meeting 
in July 1998. I would like to thank the organizers, Naihuan Jing and Kailash Misra, 
respectively Richard Borcherds and Peter Slodowy, for the invitation. 

1. Lie algebras gl^ and 

1.1. Lie algebra gl^. We denote by gl the Lie algebra of all matrices (<Jy)i jeZ 
such that a.ij — for \i — j\ large enough. Denote by Eij the infinite matrix with 1 



at the (i,j)-th place and elsewhere. Let the weight of 
a Z-principal gradation gl = ®j & %,glj- Denote by gl^ — 



be j — i. This defines 
gl (J) CC the central 



extension given by the following 2-cocyclc [DJKM] |KP|: 
(1.1) C(A, B) = Tr ([J, A]B) 

where J = Y,i<o E ™- 

The Z-gradation of Lie algebra gl extends to gl^ by putting weight C to be 0. 
In particular, we have a triangular decomposition 

9 l eo = 9 l + 05^0 9l- 

wherc 

0(± = gl ±j , gl = gi © cc. 
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Denote by q the linear function on g[ , s.t. ei(Ejj) = 5ij(i,j G Z). Then the root 
system of gl is A — {e^ — £ Z,i / j}. The compact anti-involution w is 

defined by co(Eij) = 

Given c S C and A in the restricted dual gZj of gl , we let 

A(Bh), i 6 Z, 

A( a H t ) =\i- X t+1 + S i>0 c, 

The superscript a here denotes gl^ which is of A type. 

Denote by L^gl^; A, c) (or simply L^gl^; A) when the central charge is obvious 
from the text) the gi^-module with highest weight A and central charge c. It 
is easy to see that L^gl^A, c) is quasifinite (namely having finite dimensional 
graded subspaces according to the principal gradation of gl^) if and only if all but 
finitely many ht,i G Z are zero. A quasifinite representation of gl^ is unitary if an 
Hermitian form naturally induced by u> is positive definite. 

Define a Aj G glg,j G Z as follows: 

{1, for < i < j 
-1, for j<i<0 
0, otherwise. 

Define °A G gl by 

Q A (C) = 1, a Aa(Eu) = for all i G Z 

and extend a Aj from gl to gl by letting a Aj(C) = 0. Then 

a A,- = a Aj + a A , jgZ 

are the fundamental weights, i.e. a Aj(Hi) — 8^. 

One can prove that L(gl oa ; A, c) is unitary if and only if A = a A mi + . . . + a A mk 
for some mi . . . , m^. G Z, and c = fc G Z + . 



1.2. Lie algebra d^. Let us consider the infinite dimensional vector space 
C[i,i -1 ] and take a basis u, = G Z. The Lie algebra gl acts on this vector 

space naturally, namely EijVk — SjkVi. We denote by doc the Lie subalgebra of gl 
preserving the symmetric bilinear form D(vi, Vj) = j, i,j G Z. Namely we have 

doc = {g G gl | D(a{u),v) + D(u,a(v)) = 0} = {(aij)»jez e ^ I a y = 



Denote by rfoo = doc (J) CC the central extension given by the 2-cocycle (1.1) 
restricted to doc- Then doc has a natural triangular decomposition induced from 

9^oo ■ doc = doo+ docQ doo — ■ 

The set of simple coroots of doc, denoted by II V can be described as follows: 

II V = {c% = Eo +E- 1 ^ 1 -E2,2-E lil +C, 

a*? = E iti + E-i-i - E l+1 , l+1 - Ei-w-i,i G N}. 
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Given A G doooi we ^ 

% = A(E U - £?!_<,!_<) (i£N), 

= S« + E-i t -i — E i+ i, i+ i — E-i+i t -i+\ (i G N), 
d ft = K( d Hi) = Aj — A 4+ i (*gN), 

d iJ = ^0,0 + — -^2,2 — -^1,1 + 2C, 

i>2 

The superscript d denotes doo which is of D type. Then we denote by d Aj the 
z-th fundamental weight of doo, namely d Ai{ d Hj) = Sij. Denote by L(doo', A, c) or 
simply L(d OQ ;A) the doo-module with highest weight A and central charge c. We 
denote again by u) the anti-involution on doo induced from u> on gl^ by restriction. 
A representation is unitary if an Hermitian form naturally defined with respect to 
the anti-involution u> on doo is positive definite. L(d ocl , A) is unitary if and only if 
A = d A nil + . . . + d A„ lk , for some mi, . . . , rrik G Z+ and c = |fc G ^Z + . 

2. Lie algebras X? and 2? ± 

2.1. Lie algebra 2?. Let T> as be the associative algebra of differential opera- 
tors on the circle. T> as admits two distinguished bases: one is given by 

4 = -t l+k {d t ) 1 (/GZ +! fcGZ) 

where dt denotes 4; ; the other is given by 

L l k = -t k D l (IeZ + ieZ) 

where D = td t - It is easy to see that J l k = — t k [D)i. Here and further we use the 
notation [x]i — x(x — 1) . . . (x — I + 1). 

Let V denote the Lie algebra obtained from T> as by taking the usual Lie bracket. 
Denote by T> the central extension of T> by a one-dimensional center with a generator 
C: T> = T> + CC. The Lie algebra V has the following commutation relations [ KR[ 

[ff{D),fg{D)] = e+ s (f(D + s)g(D)~f(D)g(D + r)) 
+ V(t r f(D),t s g(D))C 



where 

(2.1) *(t r f(D),t s g(D)) = 



E- r <j<-i fU)9(j + r), r = -s>0 
0, r + sjt 0. 

Set the weight of J l k to be k and the weight of C 0. This defines the principal 
Z-gradations of T> as , T> and T>: 

v = 02?,-, x3 = 0xV 

Thus we have the triangular decomposition 
where 

25±=0^, l3 o =2? o 0CC. 

j6±N 
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By abuse of notation, we use again J l k , L l k to denote the corresponding elements 
in T>. The elements J^, m E Z span a Heisenberg algebra: 

The elements J^, m S Z span a Virasoro algebra: 

3 

2.2. Lie algebras P ± . Recall that an anti-involution a of "D^ is an involutivc 
anti-automorphism of T>, i.e. a 2 = I, a(aX + bY) = ao~(X) + ba(Y) and a{XY) = 
a(Y)a(X), where a, b E C, X, Y E V. 

Proposition 2.1. Any anti-involution er of £> as preserving the principal Z- 
gradation is one of the following: 

1) <r_, 6 (t) = -t, o--,b( D ) = -D + b; 

2) <T+, b (t) = t, a+, b (D) = -D + b, 6eC. 

It follows immediately that er±, (,(#*) = T (c?t — (b + l)i _1 ) . Given s 6 C, de- 
note by S the automorphism of T> as which sends t to t and D to D+s. Equivalently 
S is given by sending aePto t~ s at s , the conjugate of o by f. Clearly S pre- 
serves the principal Z-gradation of V as . We have 

Denote by P ±,b the Lie subalgebra of T> fixed by — er±.&, namely 

= {a E V | (T±, 6 (a) = -a}. 

Since <r±,& preserves the principal Z-gradation of P there is an induced Z-gradation 
on V ± b : V ±f > = (B jeZ T>f' b , where P*' 6 = P ± - b n Pj. The relation among V ±f > 
for different b E C can be described as follows. 

Lemma 2.2. The Lie algebras T> + ' b (resp. T)~' b ) for different b E C are all 
isomorphic. More precisely, we have Q s (T> ± ' h ) = P ±,b ~ 2s . 



Thanks to Lemma 2/2 we may fix b in It turns out there is a best 

choice by putting b = — 1 (partly because a±.-i(d t ) = =Fc?t). From now on we 
set T> + = V + ^ 1 and T>~ = T)^^ 1 (note that our T>~ is different from the one 
in [[KWYj). Accordingly we set Vf = vf' 1 and so V ± = Ejez^f- We sha11 
see that there is a canonical vertex algebra structure on the vacuum module of the 
central extension of T> + . 

Let us denote by C[w](°) (resp. Cf-u^ 1 )) the set of all even (resp. odd) polyno- 
mials in C[w]. We let k = if k is an odd integer and k = 1 if k is even. 

Lemma 2.3. We have 

V+ = [tig(D + (j + l)/2)\g(w)eC[w]W}, 



[Vg (D + (j + l)/2) | g(w) E C[w]®} , j E Z. 



We will concentrate on the Lie algebra T> + . The story for V is quite similar 
in any event. We set 

W£ = -f k ([£>]„ -[-D-k- 1]„) (k G Z, rt G N). 
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One can check that W£ [k £ Z, n £ N dd = {1, 3, 5, . . . }) form a basis of T> + . 

By abuse of notation we again denote by the restriction of the 2-cocycle \1/ 
to 2? + . Denote by T> + the central extension of V + by CC corresponding to 'P. The 
Lie algebra D + is a subalgebra of 2? by definition. Note that W\ (k £ Z) span a 
Virasoro algebra, namely we have 

771 T7T 

Wl] = (m - n)^ +n + «5 m ,_„^— C. 

Remark 2.4. We observe from Lemma |2.3| that T>^ coincides with T>J for 

j even. The relation between T> + and T>~ is analogous to the relation between 
untwisted affine algebras and twisted affine algebras (it is more than an analog!). 



3. Quasifinite modules of V and T> + and a link to gl^ 

3.1. Quasifinite modules of V and V + . Let g = (Bj^zQj be a Z-graded 
Lie algebra satisfying [fli,0j] C Qi+j- Let g± = (Bj>oQ±j- A g-module V is called 
TL-graded if V = (Bj^iMj and QiVj C Vj_j. A graded g-module is called quasifinite if 
dim Vj < oo for all j. 

Since g carries a triangular decomposition g = g + © go © g_, we can construct 
as usual a Verma module M(g; A) with a highest weight vector annihilated by g + 
and highest weight A 6 Qq. Denote by i(g; A) the irreducible quotient of M(q; A) 
by the maximal proper graded submodulc. 

We specialize g to T> and T> + from now on. Since the Cartan subalgebras of 
T> and T> + are infinite dimensional, the classifications of quasifinite highest weight 
2?-modules and £> + -modules turns out to be quite non-trivial. 

For a given A £ (£>o)*, we characterize A by its labels A n = —A(D n ) (n £ Z+) 
and the central charge c = A(C). Similarly for a given A £ (T>q )*, we characterize 
A by its labels A+ = -A((D + 1/2)™) (n £ N 0(W ) and the central charge c = A(C). 

We introduce the generating functions 



n>0 



We call Aa(x), resp. A^(x), the characteristic generating function of 1/(2?; A), resp. 
of L(T> + ; A). Sometimes we simply drop the subscript A. Clearly we have 

(3.1) A(x) = -A(e* D ), 

(3.2) A+(.x) = -^A (e^ D+1 ^ - e-^ D+1 ^) . 

A quasipolynomial is a finite linear combination of functions of the formp(x)e ax , 
where p(x) is a polynomial and aeC. The following beautiful characterization of 



quasi-finiteness of an irreducible module L(V] A) is due to Kac and Radul [KR 
Theorem 3.1. A T>-module L(X>; A) is quasifinite if and only if 

A W = — 7 

e x — 1 

where F(x) is a quasipolynomial such that F(0) = 0. 
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Given an irreducible quasifinite highest weight 2?-module V with central charge 
c G C and with characteristic generating function A(x), we write F(x) + c as a 
finite sum of the form pi(x)e BiX , where Pi{x) are non-zero polynomials satisfying 
J2iPi(fy = c an( i s « are distinct complex numbers. 

We call Si the exponents of V with multiplicities Pi(x). We single out a class 
of important quasifinite X>-modules called positive primitive modules. V is called 
positive primitive if all the multiplicities are positive integers. We observe that V 
is uniquely determined by its exponent- multiplicity set £ . We will denote V by 
L(V;£). ' 

The following characterization of quasi- finiteness of an irreducible highest weight 



2? + -module is obtained in [KWY 



Theorem 3.2. A T> + -module L(V + ; A) is quasifinite if and only if 

A+fr) = F{X) 
v ' 2sinh(a;/2) 

where F(x) is an even quasipolynomial such that F(0) = 0. 

Given an irreducible quasifinite highest weight £> + -module V with central 
charge c G C and with characteristic generating function A + (x), we write F(x) + c 
as a finite sum of the form 

(3.3) *^^pi(x) cosh(e^~x) + Qj( x ) sinh(e~x), 

i i 
where Pi(x) (resp. qj(x)) are non-zero even (resp. odd) polynomials and ef (resp. 
ej) are distinct complex numbers. Clearly J2iPi(®) = c - The expression ( |3.3| ) is 
unique up to a sign of ef or a simultaneous change of signs of ej and qj (x) . 

We call e~l (resp. ej) the even type (resp. odd type) exponents of V with 
multiplicities Pi{x) (resp. qj{x)). V is called positive primitive, if there is no odd 
type exponents and the multiplicities of its (even type) exponents ef are integers 
rii such that m > when a ^ and — |nj < rti 6 when = 0. Here zo 
is the index such that ei — 1. We denote by £ the set of (even type) nonzero 
exponents with their multiplicities for a positive primitive module V. The pair 
{£ , c) determines uniquely the module V. We will denote this primitive module by 
L(V+;£,c). 

3.2. A homomorphism from T> to gl^. Let O be the algebra of all holo- 
morphic functions on C with the topology of uniform convergence on compact sets. 
Define 0° = {/ G O \ f(w) = —f(—w)}. We define a completion V° of V consist- 
ing of all differential operators of the form t 3 f(D) where / G O and j G Z. This 
induces a completion T> + ° of T> + . Many things defined for V and V + , such as 
2-cocycle commutation relations etc, extend naturally to their completions. 

Recall that the Lie algebra gl acts on the vector space C[t, i -1 ] by E^Vk = Sjki'i, 
where Vk = t~ h . Note that the Lie algebras V and T>° naturally acts on the same 
space as differential operators: t j f(D)t k = f{k)t k+j . In this way we obtain an 
algebra embedding <f> of V into gl given by <f){t k f{D^) = J2j<£Z f(~j)Ej-k,j ■ We 
remark that <f> extending to T> becomes a surjective homomorphism. 

When restricted to V + and T> + '° , we have 

(t k f(D +(k + l)/2)) = f(-3 + ( k + !)/ 2 )^-feJ 
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for f £ 0°. The image of <p ■ T> + -° —* gl can be easily shown to be doo. 

It turns out that the 2-cocycle 4" (2.1) on I? and V + and the 2-cocycle given by 
( |l.l| ) on gl are compatible via the homomorphism <f> :T> —* gl. Thus we can extend 
4> to a homomorphism </> from T> to gl^ by letting 

(3-4) 4{t k f{D)) =J2fH)E j -kd, ?(C) = a 

When restricted to T> + , we obtain a homomorphism <fr '■ 2? + — * d^. 

Note that the Z-gradations of T> and V + are compatible with those on gl^ and 
doc respectively via <p. Thus we may regard T> (resp. T> + ) as a dense subalgebra of 
gl x (resp. d^) via (f>. 

Proposition 3.3. The pullback of an irreducible quasifmite module over gl^ 
(resp. doo) via the homomorphism <f> is an irreducible quasifmite module over T> 
and (resp. T> + ). 

4. (A, A) and (D, D) duality 

4.1. Some actions on a Fock space JF® ; . Let us take I pairs of free 
fermionic fields 

The anti-commutation relations among ip^ p are equivalent to the following operator 
product expansions 

^ +p (z)^ q (w) ~ i/j +p (z)ip +g (w) ~ 0, ^- p (z)V-" 9 H ~ 0, 

z — w 

where p,q — 1, . . . , I. We denote by 1 the Fock space generated by a vacuum 
vector |0) annihilated by ip„ p , n, > 0, p = 1, . . . ,1. 
Introduce the following generating functions 

i 

(4.1) E(z,w) = E l3 z l - 1 w-' J = ■ ^ +,p W' P M : 

e pq (z) ee ^V 3 ^"™" 1 =: ^^(z)^^(z) : 

e p l{z) ee J2 e * q *( n ) z ~ n ~ 1= ^ + ' P ( Z )^ + ' 9 ( Z )-- 

e»(z) ee Ye p «(n)z- n - 1 =:Tp + < p (z)i;->' ! (z): 

where p, q = 1, . . . , I, and the normal ordering :: means that the operators annihi- 
lating |0) are moved t o th e right and multiplied by —1. 

It is well known [Fl, KP | that the operators e pq (n), e pq (n), e p l(n), p,q = 
1, . . . , I, n £ Z defined as above form a representation of the affine algebra SO21 of 
level 1. In particular e pq (n), p,q = I,..., I, n 6 Z form a representation of the 
affine algebra gl l of level 1. The operators e P9 (0), e pq (0), e**(0) (p,q = 1, • • ■ , I) 
form the horizontal subalgebra SO21 in SO21 while e pq (0) {p,q = 1, • • • , I) form the 
horizontal subalgebra g[/ in We identify the Borel subalgebra b(sd2z) with 
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the one generated by e*» (p ^ q),e* q (p < q), p, q = 1, • • • , I. We take the Borel 
subalgebra of gk to be b(gt ; ) = fll; n b(s02/)- 
It follows from ([O]) that 



)z i ~ 1 w~ j 



(4-2) Yl ( S « " 

i 



fc=i 



One can show |DJKM] that Eij(i,j G Z) defined above span gl x and therefore 
Eij — (i, j £ Z) span with central charge I. 

4.2. Duality involving gl^ and its subalgebras. We observe that the 
horizontal subalgebra gl ; acting on 1 lifts to GLi. It is not difficult to show that 
the action of gl x commutes with the action of GLi on T® 1 . We can show that 
gl x and GLi form a d ual pair acting on !F® 1 by a similar argument as in the finite 
dimensional case 



HI 



It is well known that the set of the n-tuples (mi, • • • , mi), m\ > mi > 

. . . > mi, rrii € Z parametrizes the finite dimensional irreducible GL/-modules. We 
define a map A aa from S(A) to ^Zq as follows: given A = (mi, ■ ■ ■ ,mi), we define 

A oa (A) = ^ a A mi . 

i=l 



The following duality of (A, A) type is due to I. Frenkcl [F2| (also see [FKRW |) 



Theorem 4.1 (Frenkel). Under the joint action of GLi and gl^, we have the 
isotypic decomposition 

^® l = V(GL r ,\)®L(gl OD ;A aa (\),l) 

AeE(A) 

where L (gl^] A aa (A), l\ is the irreducible highest weight gl ^-module of highest 
weight A ao (A) and central charge I. 



In 



F2] heavy machinery rather than principles of dual pairs was used in es- 



tablishing the theorem. An alternative simple proof goes as follows, sec [W| for 
detail. It follows directly from the principles of dual pairs that the decomposition 
is multiplicity-free. We find explicit highest weight vectors and read off the highest 
weights with respect to the action of GLi and gl x respectively. The theorem is now 
established by the simple observation that all highest weights for finite dimensional 
irreducible GL/-modules already show up. 

Remark 4.2. All unitary irreducible highest weight gZ^-modules with central 
charge I appear in the above decomposition. They are in one-to-one correspondence 
with all irreducible finite dimensional GL;-modules. 

We note that the horizontal subalgebra SO21 acting on !F® 1 lifts to SO21 and 



extends to an action of O21 naturally. One can show (see |W]) that the actions of 
O21 and doc on J-® 1 commute and moreover doo and O21 form a dual pair. 

0(21) is a semi-direct product of SO(2l) by Z/2Z. Below we will use a high- 
est weight to denote the corresponding module for short. If A is a representation 
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of SO(2l) of highest weight (mi, ma,... ,m/) (mi ^ 0), then the induced repre- 
sentation of A to 0(21) is irreducible and its restriction to SO(2l) is a sum of 
(mi, rri2, ■ ■ ■ , mi) and (mi, 7B2, • ■ ■ , —mi). We denote this irreducible representa- 
tion of 0(21) by (mi, 7Ti2,... , tHi), where mi is chosen to be greater than 0. If 
777; = 0, the representation A = (7771,7772,... , m;_i,0) extends to two different 
representations of 0(21), i.e. A itself and A® det, where det is the 1-dimensional 
non-trivial representation of 0(21). 

Thus the irreducible modules of O21 are parametrized by the set 

S(-D) = {(mi, 7772, • ■ ■ , 777() I 7771 > 7772 > . . . > 777; > 0, 777i £ Z; 

(mi, ma, ••• ,mj_i,Q)(££)dei, 

(mi, ma, • ■ ■ ,m;_i,0) mi > 7n 2 > . . . > m;_i > 0, m; e Z} . 

We denote by V(02i \ A) the irreducible C^-module corrsponding to A G £(Z?) from 
now on. 

We define a map A DD : S(D) — > by sending A = (m 1; ■ ■ • , rn{) (mi > 0) 

to 

i 

A 00 (A) = (I - i) d A + (I - i) d Ai + d ^m k , 

k=l 

sending (mi, • • • , rrij, 0, . . . , 0) (j < I) to 

i 

A 00 (A) = (2i - i - j) d Ao + (j - i) d Ai + , 

k=l 

and sending (mi , . . . , rrij , 0, . . . , 0) det (j < I) to 

i 

A 00 (A) = (j - i) d A + (2l-i- j) d A, + d A mt , 



fe=i 



if mi > . . . mi > mj+i = . . . = rrij = 1 > m J+ i = . . . = m/ = 0. 
We have the following duality of (D, D) type. 



Theorem 4.3 (|W| ). Under the joint action of O21 and d^, we have the iso- 
typic decomposition 

f®l= V(0 2 i-\)®L(d oo ;A^(X),l) 

AeE(D) 

where L (d^; A £ ' D (A), /) is the irreducible doo-module of highest weight A DD (A) a77c? 
central charge I. 

Remark 4.4. All unitary irreducible highest weight doo-modules with central 
charge I appear in the above decomposition. They are in one-to-one correspondence 
with all irreducible finite dimensional 02i-modules. 



Remark 4.5. We indicate below that there are many variations of Theorems 4. 1 
and Theore m [f.3| which give rise to different dual pairs involving with various Lie 
groups. See (W| for more detail. 

1. If we consider the Fock space of I pairs of fermions together with a neutral 
fermion in a similar way, we can construct a dual pair between O2/+1 and 
doc (with central charge I + ^). 
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If we change the indices for the Fourier components of the fermions t/> ±p (z) 
(p = 1, . . . , I) from half-odd- integers to integers, we can construct a dual pair 
between the pin group Pinii and a Lie subalgebra of gl^ of type B acting 
on the Fock space modified accordingly. If in addition we add a neutral 
fermion as in the previous case, the spin group Spin(2l + 1) will show up 
instead. 

If we consider the Fock space of free bosons instead of free fermions, we 
obtain dual pairs involving the symplectic group Sp2n and Lie supergroup 
Ospi :2n - 

It turns out that the finite dimensional Lie groups arising in the dual pairs 
considered so far always arise from lifting of a horizontal subalgebra of an 



appropriate untwisted affine algebra acting on a Fock space [FF|. If we 
consider the horizontal subalgebras of certain twisted affine algebras acting 
on Fock spaces, we obtain other new dual pairs between finite dimensional 
Lie groups and infinite dimensional Lie agebras as well. 

5. Lie algebras V, T> + and vertex algebras 
5.1. Duality involving T> and T> + . We obtain an action of T> on T® 1 by 



composing the action of gl^ and the homomorphism <p given by the formula (3.4). 
It follows that the actions of GLi and T> on T® 1 commute and that GLi and V 
form a dual pair on F® 1 . 

Introduce the generating function 

j"(z) = ]Tj^- fc — \ 



A-e: 



Lemma 5.1. On T® 1 we have 

i 

J"(z) = ^:^- fc (^ + ' fc W:- 
fe=i 

For A — (mi, • • • , mi) S where m\ > . . . > mi, mt 6 Z, we let £ (A) be 

the set of exponents mk (k = 1, . . . , I) with multiplicity 1. Note that the T>- module 
L(T>; £(A)) is positive primitive. 

Remark 5.2. We implicitly assumed that mi, ... ,m/ are distinct in defining 
£ (A) above. In general if m', . ■ ■ , m' a are distinct numbers among mi, ... , m; with 
multiplicities a%, . . . , a a , then £ (A) should be the set of exponents m', . . . , m' a with 
multiplicities a\, . . . , a a . With this understood, we have prefered the oversimplified 
and slightly wrong way of defining £ (A) here and below. 



Theorem 5.3 ( |FKRW| ). Under the joint action of GLi andt>, we have the 



isotypic decomposition 



f®i = V{GL V ,X)®L(V;£{X)) 



ASE(A) 

Corollary 5.4. The space of invariants of GLi in the Fock space T® 1 is 
naturally isomorphic to the irreducible module L^gl^-,1 Q Ao), or equivalently to 

the irreducible module L (l); £(0)j ■ 
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We obtain the action of V + on 1 by composing the action of doo and the 
homomorphism <j) given by the formula (3.4). Similarly 2 z and doo form a dual 
pair. Introduce the generating function 



W n (z) = J2 W k 



Lemma 5.5. On T® 1 we have 

W n (z) = \ £(: d^-' k (z)^ k (z) : + : d^ + ' k (z)^ k (z) :). 

k=l 

For A = (mi, • • • , m;) € £(-D) where m\ > . . . > m» > mj+i = . . . = mi = 1, 
we let £(A) be the set of exponents m/- (k — 1, . . . , z) with multiplicity 1 and the 
exponent 1 with multiplicity I — i; for A = (mi, ■ • ■ , mi) € S(D) where 

mi > . . . m.j > m^+i = . . . = m^ = 1 > m^+i = . . . = mi = (j < I), 

we let £(A) be the set of exponents (k = 1, . . . , i) of multiplicity 1, exponent 1 
of multiplicity j — i; for (mi, ■ • ■ , mi) (^) dei S 5](-D) where 

mi > . . . m.j > m,; + i = . . . = m^ = 1 > mj+i = . . . = mi = (J < I), 

we let £(A) be the set of exponents mk (k = 1, . . . , i) of multiplicity 1, exponent 1 
of multiplicity 21 —i — j. We will write (0, • ■ • ,0) and (0, ■ ■ • , 0) (^) det for short as 
and det respectively. Note that the Z? + -module L(T> + \ £(X), I) is positive primitive. 



Theorem 5.6 (|KWY|). Under the joint action of O21 and T> + , we have the 
isotypic decomposition 

(5.1) F® 1 = V{0 21 -X)®l(v+-E{\),1 

AeS(D) 



Corollary 5.7. The space of invariants of O21 in the Fock space J-® 1 is 
naturally isomorphic to the irreducible module L(cZ 00 ;2Z d Ao) of central charge I, 
or equivalently to the irreducible module L (V + ;£(Q),l 



The Dynkin diagram of doo admits an automorphism of order 2 denoted by er. 
a induces naturally an automorphism of order 2 of doo , which is denoted again by 
a. a acts on the set of highest weights for doo by mapping A = d ho d Ao + d h\ d Ai + 
£\ >2 d ^ tocr(A) = d h 1 d A + d h d Ai+X\ >2 d h l d A 4 . In this way one obtain 
an irreducible module of the semi-product a cx doo on L{d 00 ; A) (J) L{d oa ; <r(A)) if 
<r(A) ^ A and on L(doo; A) if cr(A) = A. Note that {SO21, o cx doo) form a dual pair 
on 



Corollary 5.8. The space of invariants of SO21 in J 7 ® ! is isomorphic to 
the doo-module L(d OQ ;2l d Ao)Q)L(d 00 ;2l d Ai) or equivalently the 2? + -module 



L(v+-£(Q),l)®L(v+-£{dei), 



Remark 5.9. The dual pairs as indicated in Remark |4.5| can be reformulated 
in terms of T> + or T>~ accordingly as in Theorem |5.6|. 
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5.2. Vertex algebras associated to T> and T> + . The irreducible quasifinite 
2?-module L(V;£(0)) (resp. 2? + -module L(T> + ; £ (0), c)) is usually refered to as 
the irreducible vacuum 2?- module (resp. £> + -module), denoted by V c (resp. V^). 
Denote by |0) the highest weight vector. 

The fc rmionic Fock space J 7 ® 1 is one of the simplest examples of vertex algebras 
|b[ |FLMj Q. One may view GLi and O21 as automorphism groups of the vertex 



algebra J 7 ® 1 . The space Vi , being isom orph ic to the space of invariants of GLi 



of the vertex algebra !F® 1 by Co rolla ry 5.4 , inherits a vertex algebra structure. 
Similarly it follows from Corollary 5/7 that VJ + is a vertex subalgebra of 1 . 

We want to show that V c and are vertex algebras for general c. One can 
easily check that 

lim J l (z)\0) = Ji,_i|0), [JL J l (z)\ = df(z), 

2^0 

limW l (z)\0) = Wi^O), [W£,W l (z)] = dW l (z). 

For a typical element in V c (resp. V c + ) of the form J"%._ n ._i • ■ • »T!!fc 1 _ n:L _i|0) 
(resp. W^ ] k ._ n ._ 1 ■ ■ ■ W™f. i _ ni _ 1 \Q}) where fcj e Z + , we associated a field (state- 
field correspondence) : df 1 ] W n i(z) ■ ■ ■ d ( z kl ) W ni (z) : . 

One can prove by using Lemmas |5.l| and that 

(z - w) m+n+2 [J m (z), J n (w)} = 0, (z- w) m+n+2 [W m (z),W n (w]} = 0. 

in J 7 ® 1 for all I G Z + . It follows that these equations hold for any c. 

Com bining all the above, we have proved the following theorem [ FKRW] 



KWY|. The simplicity here follows from the irreducibility of V c (resp. V^) as a 



module over V (resp. T> + ). 

Theorem 5.10. V c and are simple vertex algebras. 

Corollary 5.11. L(V;£(X)), A G are irreducible modules of the vertex 
algebra Vf, L(T> + ;£(X),l), A € E(D) are irreducible modules of VJ + . 

Remark 5.12. We obtain a dual pair between a Lie group and a vertex algebra 
(GL h Vi) (resp. (0 2 j, VJ + )) by substituting 5 (resp. 2 i) with Vi (resp. V^ + ). 

6. Some examples and open problems 
6.1. Examples. Let us first consider the case I = 1. Set T = 1 and 



is essen- 



^±(2) = ^^(z). We claim that the (GLi, P)-duality in Theorem ^3 
tially the celebrated boson-fermion correspondence. To see that, we notice an 
infinitesimal generator of GLi, Jq = X)«ez • ^P-n^n : > ac ^ s on a typical element 
ipZ mi ■ ■ ■ ipZ mj ipt ni ■ ■ ■ ipt ni |0) as multiplication by j - i. 

Recall that the Fourier components of J°(z) generate a Heisenberg algebra Ji. 
One easily shows that J n (z)(n > 1) can be written as a normally ordered polyno- 
mial in terms of d i J°(z), i G Z+. For example, J^z) = \(dJ°(z)+ : J°(z)J°(z) :). 
Thus an irreducible representation of V inside T remains irreducible when restricted 
to the Heisenberg algebra Ji. Theorem |5.3| for I = 1 says that 
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where Ti. n , the subspace of T on which Jg acts as multiplication by n, is an irre- 
ducible module over Ti.. In particular the vertex algebra V± is isomorphic to the 
Heisenberg vertex algebra H° generated by J°(z). 

O2 is the semi- 



Now consider the (O2, 2? + )-duality on T in Theorem 5.6 



direct product of SO2 by Z/2Z generated by the order 2 automorphism r which 
exchange ip + and ip~ . An irreducible 02-niodulc except the trivial module and 
the determinant module (which are of 1-dimension) is two-dimensional. When 
restricted to SO2, it decomposes into a sum of two iSC^-modules, with weight say 
to and —m, to £ N. 

Theorem |5.6| (or rather together with Theorem 3.2, [ W|) has the following 
consequences: Ti. m (to ^ 0) is irreducible as a module over T> + and H. m is isomorphic 
to H~ m as Z? + -modules; H° is a direct sum of the (±l)-eigenspaces H± of r; H° + 
is isomorphic to L(V + ;£(0), 1) (which is in turn isomorphic to V^~) while is 
isomorphic to L(T> + '; £(det), 1). 

The g-character formulas for irreducible 2? + -modules (counting the graded di- 
mensions) appearing in 1 were obtained in [ KWY ] . In particular one deduces 
that 



ch q V+ = 



2n J >i(i-i 2j ) 




E 



J>0^ 



- q y 



n,>i(i-9 j r 



The second equlity here is obtained by using the Gauss identity 



rwi 



n J >i(i+'? j 



Denote by L(c, h) the irreducible module of Vira soro a lgebra with highest 
weight h and central charge c. It is well known (cf. e.g. | KRa |) that the character 
of L(1,4to 2 ) is 



ch q L(l,4m 2 



{2m+iy 



q j ) 



ni>r(i 

It follows from the g-character formula of that = ^ m>0 L(l,Am 2 ) as a 

module over the Virasoro algebra generated by W 1 (z). Similarly we can show that 

L(V+;£(det),l) = L(l, (2r 



I) 2 ) 



as a module over this Virasoro algebra. 

One can show that W n (z) for all n can be written as normally ordered poly- 
nomials in terms of d z W 1 (z) and d l W 3 (z), i G Z + . One c heck s that W 1 (z) and 
W 3 (z) generate the W(2,A) algebra with central charge 1 [BS]. This shows that 

is isomorphic to the W(2, 4) algebra. The latter is simple as we know that 
is simple for any c. 

Remark 6.1. The fixed-point vertex subalgebra H}\_ oiTi by r was studied in 
detail in |DGfl |DN|, where H° + is denoted by M(l)+. The results derived above 



mainly as consequences of the (O2, P + )-duality have been obtained in [DG, DN 



a very different way. Irreducible modules over the vertex algebra TL° + has also been 
classified [DN]. We note that this classification can be achieved by the approach of 
|W2fl as well. In view of the isomorphism between V* and TL\ , the classification of 
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the irreducible modules over is done. Relations (conjecturally being minimal) 
among the two generators in could be obtained by our approach. 

Now let us consider the Fock space, denoted by i , of a neutral fermion 
V( z ) = Z)nei+z VnZ^^i satisfying [tp m , ip n ] + = 5 m - n . One has a duality between 



0\ which is Z/2Z and d^ (or T> + ) with central charge \ (see Remark L5 



|, KWY] for more detail). Thus the decomposition of 5 into even and 



odd parts gives rise to 

F® * = L(d oo ; d A )®L(d oo ; d A 1 ), 

or equivalently, 

T® * = L(V+;£(0),l/2)($L(V+;£(det),l/2). 

In this case, we have W l (z) = d l ip(z)<p(z). The Fourier components of W 1 (z) 
generate the Virasoro algebra with central charge i. One can easily show by induc- 
tion that W n (z) for all n can be written as a normally ordered polynomial in terms 
of W 1 (z). It follows that L(V+:£(0), \) (which is the even part of T® i) is irre- 
ducible over the Virasoro algebra generated by W 1 (z) (c = |) with highest weight 
0, and L(T> + ; £ (det) , |) (which is the odd part of T® ^) is irreducible over this 
Virasoro algebra with highest weight |. This identification of the even (resp. odd) 
part of T® 2 with the irreducible module over the Virasoro algebra was proved (cf. 



e.g. |KRa| ) by using deep results on the structures of modules over the Virasoro 
algebra. In particular we have proved that the vertex algebra V± is isomorphic to 

2 

the Virasoro vertex algebra with central charge |. This is indeed the only c such 
that V c + is rational. 

Remark 6.2. We can obtain an explicit decomposition of a tensor product 
of two minimal modules of Virasoro algebra with central charge \ into irreducible 
modules of Virasoro algebra with central charge 1 from the duality results discussed 
above by using the see-saw pair technique in the theory of dual pairs. 

6.2. Some open problems. We discuss several open problems and conjec- 
tures to conclude this paper. 

Problem 1: determine a minimal set of generators and relations for the vertex 
algebras V c and V c + ; classify all the irreducible modules of V c and . 

Recall that one can associate a W-algebra Wg to an arbitrary complex simple 
Lie algebra q [BS| [ FeFj ]. In general such a W-algebra can be defined in terms of 



intersections of screening operators, cf. [FeFj. With some mild modification, one 



can define a W-algebra W(gli) associated to Ql t [FKRW]. 

When c ^ Z, the structure of V c is well understood. In FKRW| , it is shown 
that the vertex algebra Vi associated to T> for / 6 N is isomorphic to W(g^) with 
central charge More precisely, the first I generating fields J l (z), i = 0, 1, . . . ,1 — 1 
freely generate Vi while the other fields J l (z), i > I can be written as some normally 
ordered polynomials in terms of d n J l (z), n > 0, i = 0, 1, . . . ,1 — 1. The irreducible 
modules of Vi were classified. 

Remark 6.3. The vertex algebra V c can be viewed as some universal W- 
algebra which is sort of "limit" of the W(g/ ; ) algebra which are generated by fields 
of conformal dimension 1,2,... , I. One naturally asks a similar question for other 
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series of W algebras associated to classical simple Lie algebras such as WDi- Since 
the WVi algebra has generating fields of conformal dimension 2, 4, . . . ,21 — 2 and 
I (which equals 1 plus the exponents of D/), one cannot take the naive "limit" 
due to the existence of the field with conformal dimension I. However can be 
viewed as a universal W-algebra which is sort of "limit" of WT>i in the follow- 
ing sense [KWY|: a direct sum of Vi with the distinguished irreducible module 



L(V + ;£(det),l) over Vi is isomorphic to WT>i. 

The structure of V c for a negative integral c is much more complicated. In 
fwi|. we showed that V_i is isomorphic to the W(gZ 3 ) algebra. The irreducible 
modules of V-\ were classified in [ W2, Wl], A relation among the generating fields 
of V—i was implicit there and conjecturally it determines all other relations. For a 
general negative integral c = — I it is conjectured that a minimal set of generating 
fields in V-i consists of the first I 2 + 21 fields J l (z), < i < I 2 + 21. The conjecture 
was verified in the case c — —1 [ W2| . 

For c generic which means c ^ in this case, the structure of V" c + is understood 



KWY|. For c 6 we conjecture that a minimal set of generating fields of 
consists of the first 2c fields W 1 (z), i = 1, 3, . 
c = 



1=1,3,..., 4c 
^, 1 was verified in the preceding subsection. 

Problem 2: clarify precise relations between V + and V 



1. The conjecture in the case 



As remarked in Remark 2.4, V~ should be thought as some kind of twisted 
algebra of T> + . We conjecture that irreducible modules appearing in the dual- 
ity decomposition involving T>~ with central charge c 6 |Z + (see [KWY]) can 
be viewed as irreducible twisted modules over the vertex algebra V c + . A natural 
problem then will be to classify all the irreducible twisted modules over . 



Problem 3: formulate results in [KWY] in terms of lattice vertex algebras 
by means of the boson-fermion correspondence. 



[B] 
[BS] 

[DJKM] 

[DG] 
[DN] 
[FeF] 
[FF] 

[FKRW] 

[Fl] 

[F2] 

[FLM] 
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